Abstract. We give a rigorous proof that for small positive values of the cosmological constant the Einstein equations coupled to an SU(2) Yang-Mills connection yield oscillating spacetimes. These are static, spherically symmetric spacetimes that have the same topology as particle-like spacetimes but differ in geometry. We also give a strict upper bound on values of the cosmological constant that admit such spacetimes.
1. Introduction 1.1. Background. Ever since Schwarzschild found his solution of Einstein's equations in 1916 it has been known that Einstein's equations in vacuum yield no spherically symmetric static solutions that are smooth at the origin. Nor do Einstein's equations coupled to Maxwell's equations. Moreover, in both these systems the singularity at the origin is a true geometric singularity; one that cannot be removed by a change in coordinates. Thus, it came as a great surprise in the late 1980s when Bartnik and McKinnon discovered static spherically symmetric solutions of the Einstein SU(2) Yang-Mills equations that are not only smooth at the origin, but are globally smooth [1] .
Smoller, Wasserman, Yau, and McLeod gave the first rigorous existence proof of these solutions [8] . They analyzed the equations in Schwarzschild coordinates (t, r, φ, θ); coordinates in which a static spherically symmetric metric assumes the following form:
where c is constant (the speed of light). They proved that solutions exist in which the metric (1) is smooth for all r ∈ [0, ∞).
In the same paper they proved the existence of a 1-parameter family of solutions that are smooth at r = 0. Smoller and Wasserman subsequently proved that this family contains a countable subfamily of global smooth solutions [9] . Brietenlohner, Forgács, and Maison later classified all solutions in the 1-parameter family [3] . In particular, they proved that each solution must be one of three types.
Generic: The underlying spacetime has the topology of R × S 3 . In appropriate coordinates one pole of each constant-time spacelike 3-sphere is the center of spherical symmetry and the opposite pole has a Reissner-Nordström-like singularity. There is a horizon at the equator where the radius is maximum. Such solutions (1) the metric is smooth at (t, τ c = τ (r c ), φ, θ), and (2) for each (t, φ, θ) there exists a neighborhood U of the set {(t, τ c , φ, θ)} such that r c is a unique maximum of r on U .
This is similar to the singularity that occurs in the metric on R described by ds 2 = (1 − r 2 ) −1 dr 2 at r = 1. Indeed, the coordinate change τ = sin −1 r removes the singularity.
Oscillating singularity. A solution has an oscillating singularity whenever the singularity at r c is not a singularity of the metric but apparent only because a finite range of the coordinate r covers the entire manifold. The metric ds 2 = sec 4 rdr 2 on R has similar "singularities" at r = ±π/2. Indeed, the coordinate change τ = tan r transforms the metric to ds 2 = dτ 2 . Noncompact singularity. A solution has a noncompact singularity whenever the singularity can be removed by a Kruskal-like change in coordinates; i.e., the singularity is of the same nature as the coordinate singularity of the Schwarzschild solution of Einstein's equations in vacuum.
This classification of singularities does not require solutions to be smooth at the origin. Thus, the inevitable question is which of these singularities can be realized by solutions that are smooth at the origin. Reference [4] contains a proof that noncompact singularities are realized. The analysis of Brietenlohner, Forgács, and Maison together with simple perturbation techniques establishes the existence of solutions that are smooth at the origin and have a generic singularity at r c . In this paper we prove that, provided the cosmological constant is small, there exist solutions that are smooth at the origin and have an oscillating singularity at r c . We also provide a sharp bound on the values of Λ that admit such solutions.
1.2. Equations, scaling, and units. We consider initially classical physical coordinates of time measured in units of T and length measured in units of L. Gravitational mass is measured in units of M . Einstein's equations with positive cosmological constant Λ written in coordinates (x 0 , x 1 , x 2 , x 3 ) are as follows: Next, we write a spherically symmetric metric in scaled coordinates as
Comparing the metric (3) to the metric (1) (which we view as an unscaled metric) makes evident that the coordinate t has units of T and the coordinate r has units of L whereas C and A are unitless. We always scale so that σ t = σ r and denote this metric scaling factor by σ g . Now c, being physically measurable, has units L/T . By assumption it is independent of σ g . G, also being physically measurable, has units L 3 /(MT 2 ). In su (2) , the lie algebra of SU(2), without loss of generality, we take as a basis We consider a general spherically symmetric Yang-Mills magnetic only potential on the yet to be determined manifold with scaled metric (3). In coordinates (σ g t, σ g r, φ, θ) this connection is as follows:
It is clear that w has no dimension of time or length. We assume it to have no dependence on mass so that w is dimensionless. We also assume elements of su (2) to have no dependence on mass. Thus, the τ i are also dimensionless. We assume σ s to be a length scale. Then, since an inner product scales by L 2 , equation (4) shows that e must have dimension L 2 times the dimension of G; i.e., e has dimension
where D is the covariant derivative with respect to the Yang-Mills connection. The Yang-Mills equations are
where * is the Hodge star operator induced by the metric on the spacetime manifold. This metric and the metric (4) on su(2) yield a product metric , x = ds 2 · , s on the product manifold constructed from the space of two forms on the spacetime manifold and su (2) . The stress energy tensor, expressed in coordinates that diagonalize the metric (3) at a point, is then determined by
The coupled Einstein SU(2) Yang-Mills equations become
where denotes (8), (9), (10) is scale invariant provided the Yang-Mills metric and spacetime metric scale by the same factor.
To geometrize the units we set c = G = 1. This forces units of T and M which are determined by units of L. We then set e = 1 which forces units of L which depend only on the relative strength of the gravitational and Yang-Mills forces; i.e., one unit of length equals e/G.
Throughout the rest of this paper, we assume that r and Λ are measured in these units. Consequently, we analyze the following equations that are satisfied by the dimensionless A(r), C(r) and w(r) defined by metric (1) and Yang-Mills connection (5):
where
Because equation (14c) separates from equations (14a) and (14b), we neglect it.
Outline
We consider solutions of equations (14a)-(14b) that are members of the 1-parameter family of solutions that are smooth at the origin. For any such solution, we have
λ being the parameter of the family [8] , [6] . Our goal is to establish the existence of solutions in this family that have an oscillating singularity. To be rigorous, we define an oscillating solution independently of Λ precisely as follows: (1) (A(r), w(r)) satisfies the conditions of equation (16), (2) w has an infinite number of zeros in a finite interval (0, r c ), (3) with the solution (A, w), equations (14a)-(14b) are nonsingular for all r ∈ (0, r c ).
We shall introduce a new parameter τ to replace the coordinate r and, with τ , some new variables. Oscillating solutions will then be shown to have a nice characterization in terms of the behavior of these new variables. This characterization is the content of Theorem 1. Theorem 1 and perturbation arguments will then be used to prove the existence of oscillating solutions when Λ is small. This is the content of Theorem 3.
Existence proofs
Given any (Λ, λ) ∈ R 2 , we write x(Λ, λ) or x(Λ, λ, r) for any variable x derived from the solution of equations (14a)-(14b) with cosmological constant Λ that satisfies the conditions of equation (16) with λ = −w (0). For any such solution, (A(Λ, λ), w(Λ, λ)), the crash point r c (Λ, λ) is defined as follows:
Results in [7] , [4] , and [8] imply that r c is well defined for all Λ ≥ 0 and all λ. In particular, r c (Λ, λ) = ∞ only for particle-like solutions. Moreover, for each (Λ, λ), equations (14a)-(14b) are nonsingular for all r ∈ (0, r c (Λ, λ)). To simplify notation, given(Λ, λ), whenever a limit is established for a variable x(Λ, λ, r) as r r c , we denote this limit by x c (Λ, λ) or, when the choice of Λ is clear, by x(λ).
As in [3] , we introduce the new variables
and define a new parameter τ by dr/dτ = rN . Equations (14a)-(14c) transform intoṙ
where the dot (˙) here and elsewhere denotes d/dτ . We also have the auxiliary equation
The metric transforms into
Solutions of equations (14a) To establish III(c), we notice that for any solution (r, N, w, U) of equations (21a)-
If, for any > 0, 2Λr 2 c = 1 + 2 2 , then there existτ such that for all τ >τ ,
i.e., lim τ ∞ κ(τ ) = −∞. However, lim τ τ c κ(τ ) = −∞ implies τ c < ∞ [7] . Thus, 2Λr Equation (26) gives, for r near r c ,
Since A c = 0, it follows that lim r r c w (r) = ∞. Differentiating equation (14a) gives
where z = (Φ + 2Aw 2 )/r. Multiplying and dividing equation (20) 
Because w c = ∞, differentiating equation (14b) yields w (r) < 0 for anyr near r c that satisfies w (r) = 0. Therefore, for all r near r c , (31) w (r) ≥ 0.
Adding rAw 3 and −rAw 3 to equation (14b) and substituting equations (29) Consequently, for arbitrarily small positive and r sufficiently close to r c ,
It follows from equations (30) and (33) c = 1 for particle-like solutions, an oscillating solution cannot be particle-like. Since r c = ∞ only for particle-like solutions, r c must be finite for oscillating solutions. This establishes II(a).
To establish II(b) we note that lim τ τ c κ(τ ) < ∞ [7] (or easily from equation (24)) and recall that lim τ τ c κ(τ ) = −∞ whenever lim τ τ c κ(τ ) = −∞. When this is the case, there existτ ∈ (−∞, τ c ) such that w(τ ) > 0,ẇ(τ ) = 0, and for all τ ∈ [τ , τ c ), κ(τ ) < −4. It follows from equation (37) that Θ(τ ) ∈ (0, π/4) throughout the interval (τ, τ c ); i.e., w has no zeros in this interval. Since w is oscillating and analytic for all τ ∈ (−∞, τ c ), this is impossible.
Therefore, κ is bounded throughout the interval (−∞, τ c ).
is an increasing sequence that satisfies Θ(τ n ) = nπ − π/2, then there exists a sequencẽ τ n such that Θ(τ n ) = nπ and τ n <τ n < τ n+1 . Since every term on the right side of equation (37) 2 c ≤ 1. The result follows. It remains to prove the existence of oscillating solutions. We do so by finding discontinuities in either r c (Λ, λ) or w c (Λ, λ) which we prove can only occur at oscillating solutions. To carry out the proof we first need to establish uniform bounds on w c for large values of λ.
As in [8] , we define
and (40) g(r) = 2r
The next two lemmas and next theorem are adapted from [8] . If λ > 1 and ifr is the smallest r > 0 that satisfies h(r) = 0, then
Considering the right side of equation (41) as a quadratic form in s = (ww ) gives discriminant atr
whenever g(r) < 0. Since −(2/r)s 2 − 2s + Φ/r < 0 for large negative s, it follows that h(r) < 0 as long as g(r) < 0. 
If λ > 2 andr is the smallest r that satisfies g (r) = 0, then
whenever h(r) and g(r) are negative. The result follows. The following corollary, besides being used to prove Theorem 3, is interesting in its own right. Proof. If r c ≥ 1/ √ 2, then g(r c ) > 0. It follows that there exists a smallest r 2 that satisfies g (r 2 ) = 0. Lemma 1 gives h(r) < 0 for all r < r 2 + δ 1 for some small positive δ 1 . Lemma 2 then gives g (r) < 0 for all r < r 2 + δ 2 for some small positive δ 2 , contradicting the fact that g (r 2 ) = 0. The result follows. Proof. For all solutions of equations (21a)-(21f), w 2 c < ∞ [7] . Therefore, for the solution corresponding to ( Λ,λ), equations (21a)-(21f) are nonsingular at τ c . Therefore, the solution (r, N, w, U)(τ ) is analytic in τ ∈ (−∞, τ c + δ) for some δ > 0. In particular, all variables have finite limits at τ c .
We Proof. We define the set G ⊂ R 2 as follows: (Λ, λ) ∈ G whenever the corresponding solution of equations (14a)-(14b) (or the equivalent equations (21a)-(21f)) satisfies the following:
(1) r c < ∞, (2) κ(τ ) > −1 for all τ ∈ (−∞, τ c ), 
